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Second-order  Taylor series approximation

( ) ( ) ( )
2

2
1 , ,

2i i i i i i
hy y f x y h f x y O h+ ′= + + +

( )
2

1 ,
2i i i i

f f dy hy y f x y h
x y dx+

 ∂ ∂
= + + + ∂ ∂ 



or

-I



Second-Order Runge-Kutta Method

4

( ),i i
f fd f x y dx dy
x y
∂ ∂

= +   ∂ ∂

( ),i i
d f dx f dyf x y
dx x dx y dx

∂ ∂
= +   ∂ ∂

( ),i i
d f f dyf x y
dx x y dx

∂ ∂
= +   ∂ ∂



Second-Order Runge-Kutta Method
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Taylor series approximation for a two-variable function
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Eq.4  to eq.3 and eq.3 to eq.2
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Eq.I = Eq.II
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Optimal Second-Order RK Method
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Optimal Second-Order RK Method

9

( )

1

1 1 2

1

2 2 2
3 3

1 3
4 4

,

,

i i

i i

i h i k h

y y k k h

k f x y

k f x y

+

+ +

 = + + 
 

=

 
=  

 



Second-Order RK : Heun method

10

1
1
2

a = 2
1
2

a =

1 1p =
11 1q =



Second-Order RK : Heun method
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Second-Order RK : Ralston method
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( )1 1 1 2 2i iy y a k a k h+ = + +

where ( )1 ,i ik f x y= ( )1 11 12 ,i p h i q k hk f x y+ +=

Method
Midpoint 0 1 1/2 1/2
Ralston 1/3 2/3 3/4 3/4
Huen 1/2 1/2 1 1
Optimal 1/4 3/4 2/3 2/3



Third-Order RK: General Form
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where

Method
Classic 1/6 2/3 1/6 1/2 -1 2 1/2 1
Huen 1/4 0 3/4 1/3 0 2/3 1/3 2/3
Nystrom 2/8 3/8 3/8 2/3 0 2/3 2/3 2/3

Nearly 
optimal

2/9 3/9 4/9 1/2 0 3/4 1/2 3/4



Fourth-Order RK: General Form
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where

Method

Classic 1/6 1/3 1/3 1/6 1/2 0 1/2 0 0 1 1/2 1/2 1

Kutta 1/8 3/8 3/8 1/8 1/3 -1/3 1 1 -1 1 1/3 2/3 1



Runge-Kutta Method : General Form
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where
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